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1. HISTORICAL BACKGROUKD

For nearly two centuries now, the two most prevalent
methods of estimation are the method of ‘least squares (LS)
and the method of_’maximum likelihood® (ML), using the
'present da& terminology. Legendre put forward the LS method
in 1805, on more or less intuitive grounds. He also coined
the term ‘LS method’. Gauss (1809 1823) prov1ded two
statistical justifications to the LS method. (I) He related
it to the ML estimation and the normal model by showing that
within the location family of distributions, the two methods
LS and ML coincide unlgnglz for the normal family. This
indicated that the acceptance of both LS and ML methods was
in line with the acceptance of the normal model. (II) He »
showed that with conditions only on the first two moments of
the distribution but otherwise irrespective of its distribu-
tional form, the LS estiméte has minimum variance within the
class of °“linear unbiased estimates’. This is the
- wellknown Gauss-Markov (GH) theorem. For our subsequent
‘"discussion, it is important to note that Gaﬁss did nQLF
invoke the present day concept of ° unbiased estimates’
Instead he used the concept of ° consistent estimates";
that is, ° estimates which equal the true vlaue when the
observations are without error ° (Bertrand, 1888, Sprott
(1883). . This ~ consisténcy * which is a ° finite sample °
property should be distinguished from the ‘asymptotic



consistency ° often mentioned in the literature. It is of
course true that for linear models, the linear estimates
which are ansistent in the Gauss sense are also unbiased
estimates and conversely. (Heyde and Sensta, 1877, Chapter
4). |

 As seen above, Gauss provided justifications for the LS
method by relating it to the ML and unbiased minimum
variance (UMV) methods of estimation. These ‘relationships’
among the three methods LS, ML and UMV, when exploited
fully, as discussed below, provides a "theory' of estimation
which combines the strengths of the three methods and at the
same time eliminates their weakness. This theory, called
the theory of Estimating Functions will be reviewed in the

subsequent sections.
2. ESTIHATING FUNCTIONS AND GAUSS-MARROV (GM) THEOREM

To emphasize the basic concepts, we consider the
simplest case of the LS estimation and the GH theorem, the
- extensions to the general linear models being
straightforward. Let Y1 Y2u oees ¥, be independent real
randon variates with common expectation and variance given
by

ECyy) = ©, Var(yy) =02 ,4=1,2, ..., n. (1)

The unknown parameter 6 is known to beiong to a specified
real interval. To estimate 6, on the baSis of observations

?1. Y25 «+-s Vp by the LS method we minimize Iq (v; - 8)2,

for the variations of ®. The minimum is attainéd at the LS
estinate of O, namely the sample mean ¥ = (i: yi)/n. Again

~as a very special case we have here

GM THEGREM. Let (yj3, Y2, ..., ¥g) be independent real



random variates satisfying (1), and @ be any linear

unbiaéed estimate of 8. That is,

where aj » i=1, ..., n are any ° constants ° such that

the expectation E(Q)‘: 8, implying
T aj =1 . (3)

Theh the variance of 2 is minimized for aj = 1/n,

i=1,...,n. That is the LS estimate=sample mean =¥ is the

linéar'UHV‘esﬁinate for 6.

Now instead of restricting our atﬁention to the
functions of observations only, that is estimates, we also
consider real functions g of observations and the parameter

8, & = 8(y1, ¥2, «-.» ¥g» ©). Such functions g are called
estimating functions in view of their‘central role in

estimation, which will be evident fron;what'follows.

Consider an estimating function g of the form
g= T (yg-€b; - (4

wheraes bi' i=1, ..., n are any constants.. it is easy to
see that any linear unbiased estimate in (2) chn be obtained

as a solution in 8 of the equation ' /
g=0 (5)
for suitably chosen constants bj, i =1, ..., n in (4).

Noting that because of (1) in (4) the expectation

E(g) = 0 , | (8)

Wwe have the following alternative version of the GH theoren.



GM THEQREM (R). 1If (y1, Y25 «-«» Yp) are 1ndepgndent
real random variates satisfying condition (1),the variance
of the estimating function g in (4), is minimized for the

variations of bj, i =1, ..., n subject to the condition

E bj=C , a constant (7)

for bj = C/n, 1 =1, ..., n . With this substitution,
b;j =C/n in (4), the equation (5) provides the sample mean
¥ as the estimate of ©.

In the above theorem we first consider shifting the
‘enphasis from the criteria of UMVness within linear unbiased
estimates to an optimality criteria applicable to
esﬁinating,function g8 = Ebj(yy - 6) . In order that g = 0
defines an estimator 35 Zb; yi/Eb; , we nust have £ b; #

0. Thus we consider the class G, of estinatlng functions
given by

g(y, ) = Ebi(y; - 6) (8)

for any constants bj satisfying E biA# 0. Note that g is
Gauss consistent in the sense that if all Yy = © then g = 0.
Further we call en estimating funotion g, unbiased if it

satisfies E(g8) =0 . Thus g ¢ G, is Gauss consistent as

well as unbiased and. Var(g) =g2E b2 . The equations g= 0 and
kg = g° = 0 where k # 0 are equivalent and define the sane

estimaterab which is unbiased and has variance

L3> bz/(z bi)2 But Var(g’) = k2 Var(g) can however be hade
arbitrarily small and thus the comparison of two estimating
functions on the basis of variance alone is not meaningful
unless some standardization is introduced. The standardized
version of g is defined by |



gy = Eby(yy - 8 /{-Ebg}  (9)

"~

0 and g = 0 determine the same estimate eb‘

Note that g
o2E b§/(E b;)2 = Var(gy). An estimating

and Var(gg)
function g* € G, is said to be goptimal in Go if

Var(gg) § Var(gg) for any g € G, . (10)

. We observe that Var(gs) = Var(ab) and the optimal estimating

function g* is unique up to a constant multiple.

Motivation behind the standardization (8) and the
optimality criteria in (10) is provided by the following -
argument. In order to be used as an estimating equation the
estimating function g should be as near to zero as possibie
when 8 is the true value. This requires that Var(g) be made

as small as possible. Further g(y, @ + $9) should be as far

away from zero as possible when @ is the true value."§@" being

any departure. This requires
' 9g. .2 _ ,¢ . 2
[E (-a-g)] = (zbi) |
be as far away from zero as possible. Both of these

requirements can be combined in to one requiring that

E(g/E ( g% )12 = Var(gg) be made as small as possible. In

the above setup this is equivalent to minimizing Var(ab) as
every linear unbiased estimate can be written as a solution -

of Zbij(y; - @) = 0 and conversely. GM Theorem can therefore

be reformulated as

G6M THEQREM (A) : 1If (yl, Y25 ceen yh) are independent

randon varidtes with B(yi) = 6 and Var(yi) = g2 then

g*: Z(y;-) is an optimum estimating function in G,. The

equation g* = 0 provides the sample mean ¥ as an estimate of
6. | h



We enphasize‘tﬁat'the above GHM theorem (A) is logically
equivalent to the GM theorem and as such it lends as much
justification to the LS estimate ¥ as the GM theorem does.
However, unlike the GM theorem its alternative version GM

theorem (A) admits the following extension.
3. AN EXTENSION OF GAUSS - MARKOV THEOREN

As said before, we can get all the linear unbisased
estimates of the form (2) by sloving for 6, the equations

(5); for different estimating functions g in.Go.~-Conversé1y

every member of G, corresponds to some unbiased linear estimate
in (2). But it is easy to see that, unlike GM Theorem, the GM

theorem (A) remains valid if 'bi' in (4) are allowed to be

functions of the parameter O,Vbi»= bi(e), i=1,2,...,n.

However in this case the sélutidns in 6, of the equations (5)
provide a much wmider class of estimates than that

of linear unbiased estimates implied by Gy - In this class of

estimating functionsevery implied estimate need not be unbiased
but it will necesarily satisfy the property of Gauss

consistency discussed in Sec. 1. i.e. when all y; are observed
without any error, that is y5= 6, i = 1,...,n, g = 0. Thus the
extension of the GM theorem (A), namely GH theorem (B) , given
~ subsequently, where in coef(icients ‘b; " are allowed to depend
on € provide # greater justification, for the LS estimate ¥ ,

than what GM theorenm does. - N

Thus we now consider an extended class of estimating
functions G; = {g} where g(y, ©) = Eb;(8) (y; - ©) and
where b;(6) are differentiable functions of . Note that

g(y, ) is Gauss consistent with Var(g) = 62 I bf(e).



-z b;(9) and the standardized version of

Further E( g% )

g is given bi

gs = Eb;(8) (v - 0)/{- Ebi(0) ) (11)

The only difference betwgen (8) and (11) is that>bi’s are

now allowed to depend on 8. We observe that

Var(gg) =g E bi(e)/[z bi(_e)]2 and is miﬁimized for every 0gQ
ﬁhen bi(8) = ... = by(8) = k(e) # 0. Thus k(8) Z(y; - )

is optimal estimating function ipAthe extended class G |
satisfying the optiﬁﬁlity criteria (10) with GoAreplaced by

Gy. Hence (¥ - 8) can be taken as optimal estimating
function upto a multiplicative constant depending only on 6.

We thus have a more general version of GHM Theofem (A) given
by '

-GM THEOREM (B)f: If (y1,¥2, «.., ¥np) are independent

random variates with E(yi) = 6 and Var(y;) = o2 then

g* = IE(y;-9) is an optimal estimating function in the class

. G4 and the equation g¥ = 0 provides ¥ as an estimate of .

As said before the GH theorem (B) provides a greater
Justification to the LS estimate ¥ than what the classical
Gauss Markov theorem does. This added versatality is
clearly the result of shifting emphasis from estimates to
"estimating functions. It.is pointed out that not all
estimates covered by the GM Theorem (B) need be unbiased.
yet the corresponding estimating function is unbiased. We
can thus in general define any function B(Y1,Y25++4,¥:6)
such that E(g) = 0 as an unbiased éstimating function. ‘The

argument” for standardization of g can be generalized to



define the standardized version of g as

g5 = 8/E ( o) (12)

The optimality critefia based on minimization of Var (g)

leads us to define g¥ to be optimal in the class G if g¥ €6

and

Var(gX) § Var(gg) for any g €G . - (13)

In the next_sectioh we show how the flexibility provided by
" the standardization and the above optimality criteria allows
us to obtain optimal estimating function in a situation in
which the classical Gauss-Markov approach does not

correspond to LS approach.

il

4. A FAILURE OF GAUSS-MARKOV (GM) APPROACH

Now we discuss a situation where the GM theorem fails
conpletely to relate itself to the LS estimate, yet the
extended GM theorem (B) of Section 3, shows a way out. Let

(Y1, ¥2, -..» ¥p) be independent real random variates.
E(y;) = «;(6) , Var(y;) =o2,1i=1,2, ..., n (14)

where «; are some differentiable functions of © with unique
inverse functions «11. The LS estimate is obtained by
minimizing X (vy - «1(9))2 which is as intuitive in this
case as it is when «;(0) = 8. "Yet it is justified by the GM

theorea only for those functions «; () which are linear in O.
The failure of GM approach is mainly due to the fact that
even though y; is unbiased for «;(8), “El(yi) (except for a

linear function) is not unbiased for 8. However, if Yi is



Gauss consistent for «;(9) then «j (Yl) is Gauss consistent
for 6. The LS approach gives immediately the estlnatxng

equation
o | |
E(yy - «;(9)) sgl =0 ' (15)

Then following the same argument as used in deriving GM
Theorem (B) at the end of seotion 3, we consider the class

Gz of est1nat1ng funetions g of the type
€= I bj(0) (vy - «;(8)) . (18)
' Using (12) we have,

g5= £ bi(6) (y; - «;(8))/( - E b ) . (17)

139
g2.) = o2 E b%/(E b- 2112 ig minimized for
Now Var(gg) = $/( i g is minin
L s . ‘ .
b;(8) = k(9) 551 showing there by that an optlmal

Soc
estimating function within Gy is given by Ixyl - .x;(9)) 351

a
’leadlng to LS estnating equatlon, in (15).

It is important to note that in case when (yl, Y25+
¥np) are normally distributed all the three_methods LS, ML

and optimal estimating function lead to the same estimating
equation.” On the other hand the approach based on UMVness
of the estimate of © fails in case where «;(6) are

- non-linear even if we assume the normality of (yy,v3,..,¥p,)

Yet by transferring the UMVness of an estimate to that of
standardiéed estimating function we could establish the
optimality of LS estimating equation. However, the estimate
@ obtained from ('15) would be biased for 8. But this,if at

all, is a small price to pay as in many instances unbiased
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estinates of 6, even under normality, would not exist. This
brings out the fléxibility of the approach td estimation by
estimating functions. In the next section we show how this |
approach suggests a nodification to the LS approach in some

situations where the classical LS approach fails.

5. A FAILURE OF THE LEAST SQUARE (LS) APPROACH

In all the previous discussion we have assumed tacitly

that Var(y;) =_62 is independent of 6. Now consider

'(yl, Y25 «+es ¥p) independent random variates such that
ECy;) = «1(8) and Var(y;) = ¢ o§(6) (18)

where c%(e) are specified differentiable functions of 6
"and ¢ is an unknown positive constant not depending on 6.
To estimate 6, the LS dpprOach suggests minimizing

X(y; - «i(e>)2/c§<e) leading to the LS estimating equation

g + B =0 O (19)

: - Boc
where gf = Xy - “1(9))v‘551 /c% and

oc .
B = }:(yi-«i(e))2 351 /c?(e) . We first note that whereas

E(g¥) =0, E(B) = £ g—;i/ci . E%log oy

29 is in general»n?n-

zero and thus ET + B is not an unbiased estimating
function. Even for large samples although % Ef will

converge in proba§ility to zero this nay not be the caée

with B/n and in fact B/n could diverge to £ o depsnding on
o log U'i

the néture of % )
: o0

. As éuch for large n, the
(
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solution of the equation'&f = 0 , under some regularity

conditions, will converge in érobability to the true value
whereas the solution of the LS estimating equation‘may not.
In fact, it could converge to a value far away from the true

value. Many a‘time it is suggested that we take Ef = 0 as
an éstimating equation, a sort of modified LS estimating
equation. We now show that ET is in fact an optimal

estimating function in the class szdafined by (16). let
g1 = I (y5 - «;(8)) b;(8)

Now using the standardization (12) we have,
~ ' S -~
Var(gyq) = o E bf(0) o3(8)/{E by —1 32 . Further Var(g,)

F-
is minimized for bi(G) = k(98) . 551 / c%(e), i=1,2,..., n.

This leads to the optimum estimating function in Gz given by

-~ Sox
gl = Kvy - «3(8)) =%/ of(o) . (20)

Hence the modified LS estimating equation El = 0 corresponds
to the optimun estimating fuaction in G2.
It is interesting to compare the optimum estimating
equation gI = 0, with the ML equation for a specified'vélue

c = ¢, Say, in (18) when (y13 V25 e yn) are assumed to be

normally distributed. The likelihood equation then is the

same as LS equation corrected for bias and is given by

o log O'i

"‘*
= c + B - Z
g gl/ o { /co oY)

} =0 (21)

We note that E(g) =_O.on1y when ¢ = ¢, in (18). Otherwise .
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E(2) ={§;-1}2————'

Thus if the true value of ¢ in (18) is such that c/c, is far-
away from one then the likelihood équ&tion is again biased
and leads to the same prohlens as in the case of the LS
estimating equation even for large n. On the other hand the
optimum estimating equation. g1 0 is unaffected by the
value of ¢. Of course if ¢ is not specified, the ML method
is undefined in principle even if we assume normallty and it
'is also in general undefined for the model specifying only the
first' two moments of - randon variables. (See Section 8). Yet
for the parametric sub-model obtained from (18) by assuming
normality and a specified value of ¢, the ML equation is

reasonably well approximated by the optimal estinating equation
E{ = 0 . This is in line with the connection, establiéhed by
Gauss, between the LS and ML estimating equations. Further the
above optinality‘pfoéerty of gﬁ is mathematically and

statistically analogous to the optimality property of the score

@ log p
o0

a (full) parametr1c nodel glven by { p(x, ©), 8 ¢ Q¢ Rl} .

function flrst establlshed by Godambe (1960) 1n case of

In the following sectlon we will consider the estlmating
functions and equaiions in the context of parametric models
and indicate how this approach provides a logical frame for
estimation of parameter(s) of interest in the presence of -
nuisance parameter(s). This also shows that the estimating
functions provide a common connecting link for estimation in
parametric and semi-parametric models. Our restriction to

the classes 'Go, G1 and Gy of estimating functions in the
context of LS method (which assumes only first two moments)
is justified by the nature of the corresponding

semi-parametric models. (Godambe & Thompson, 1885, 1988,
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Godambe & Heyde, 1887). The classes G,, G, G, are of the
type T a;(8)y; + b;(0), i.e. linear in (¥, V2, ..., ¥,) but
possibly non-linear in 6. Durbin (1960) considered linear
optimum estimating functions with-many-applications to time
series. In the parametric models we will define a more general
class G of estimating functions and search for an optimal

estimating function in G.
6. ESTIMATING FUNCTIONS —.OPTIHALITY

Let x be an abstract random variable on a sample space
(X, B) with a probability density function p(x, &), w.r.t. a
o-finite measuré_» on (X, Pi’and where 6 is a real or vector
valued parameter which is assumsd to be a labelling or
indexing parameter. Thus if we know 6, then the probability
distribution of x becomes completely known and hence our
object is to estimate 8 on the basis of the observed value
of x. Conventionélly the problem of estimation is tackled by
proposing an estimator T(x) and then studyiﬁg the properties of

the estimator T(x) which depend on the sampling distribution
of x. These optimal properties include sufficiency,
unbiasedness, minimum variance or minimum mean sqQuared error
etc. The estimator T(x) is obtained by some standard methods
such as the least squares, maximum likelihood, minimum
chi-square, method of moments among others. Most often these

methods though intutive are adhoc and do not directly follow
from the optimality properties demanded or expected from the
“best” estimator, notable exception being the construction of

minimum variance unbiased estimator following Rao-Blackwell,

Lehmann-Scheffe approach.

A common feature of the methods such as least squares,
maximum likelihood, moments, minimum chi-square is that
these methods lead to an estimating equation g(x, ©) = 0, in

case @ is real or a set of estimating equations gi(x, 8) = 0
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i=1,2, ..., min case of vector valued parameter

(84, 92, ..., On)f. Indeed the phrase " equation for .

estimation " occurs as eafly as Fisher (1935).

Following ihe ideas of the earlier sections we now
consider an estimating function g(x, ©) defined on X x Q
iather than'a-statistio T(x). We will first consider 9@ real
valued and we assume that g(x, 6), for each 6 € Q is such
that Eg(g) = O and Varg(g) is finite. The idea of using an
estimating function, a function of observations as well as
the'parameter has been around for quite some time. Pivatal :
quantities or “pivots’ used by Fisher (1835) are prinme
exanplesof these. The distribution of a pivot does not
depend on 8 and this property is exploited for making
inference on . On the other hand we require that only the
- first moment of g be independent of © which we can ﬁake tb be

zero without loss of generality. Our assumption that Varg(g)
is finite can be rephrased by requiring that Varg(g’) = 1 by

redefining g° = g/~#var(g) , equivalently assuming that the .
- first two moments of g are independent of 6. However, we
will not pursde'this‘line of thought'consideted b&'Barﬁard}
(1873) but instead foliow Godambe’s (1860) opﬁimality
criteria informally discussed and illustrated in previous

_sections.

Since the estimating function g is initially used to
obtain an estimator by solving the equation g = 0, the

unbiasedness condition

Eg(g) =0, Vv 6 ¢ Q (22)

4
becomes a natural one and is not very restrictive since sas
mentioned above we are any way assuming the existence of

first two moments of g. In order that the estimating
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equatioﬁ g(x, 8) = 0 should determine an estimator 6g as a

function of x, it is necessary that the implicit function

ﬁheoren holds. Por this a sufficient condition is EE # 0.

90
As g(x, 9), for each 6 fixed, is a random variable,we nusﬁ
have for each 9, PO( EE #03} =1 . A weaker assumption is
that |
w: ) #0 veea . (23)

Let G be the class of_all estimating functions which
satisfy (22), (23) and such that Var(g) = E(gz) is fini;e.
Godambe (1960) defined g¥ € G as optimal estimating function
if for any g € G

*42 2 ’
i R (€ ) IRV 24y
(5(&) ) (B¢ &)

Again the motivation behind this optimality criteria is
similar to the one discussed earlier: We regquire that Varg(g)
= Ee(gz) is as small as possible and Eg{(g(x, 6 + $6))2} is

as large as possible, a kind of measure of sensitivity of the
estimating function for the departure from the true value 6.

Both these objectives are achieved if we nininiée

| Ee(gz)/{E( ag )32 for all g € G uniformly in 6 € 2. 1In

terms of the standardlzatlon given by (12) the criterion (24)
is equivalent to

Var(g®) § Var(gg) , VoeQ . (25)

The interpretation of the standardization (12) in terms of

the variances of the estimating functions g and ‘constant’xg,
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discussed earlier is due to Barnard. Godambe‘s-(1960) main
result was that under mild regularity conditionson the class

of estimating functions G and the class of density funcitions

@ log p .

{p(x, ©), © € 2} the score fﬁnction T is optimal.

In this sense the likelihood equation is an optimal
estimating equation. It is easy to demonstrate that optimal
estimating function is essentially unique in the sense_that

if gf and gz are both optimal then gfs = 335'

The optimality criterion of Godambe given above and the
standardization (12) it introduces can be viewed in many
different ways. Kale (1982&)-following the generai theory
of estimating functions as developed by Kimball (1846) and
Wilks (1948) derived an extension of Cramer-Rao inequality
for estimating functions. Under mild regularity conditions,
- Kale (1962a) proved that  for any g € G |

Varg(a) b (EC == )}IZ/I(O) (26)
where I(9) is the Fishet information. He also pointed out
81 _ v '
that __BEEE_E , attains the extended 'C-R lower bound to

Var(g) in inequality (26), for geG and is thereforé optimal.

The extended C-R inequality given by (268) can be written as

1
v .
ar(gs) 2 1¢0) (27)
. B o o .
where g = g/E( > ) the standardized version of g. The

advantage of the standardized version (27) over (26), is that

the lower bound 1/I(8) is independent of gegG.

Another justification of Godambe’s optimality criteria



(24) is provided by the fact that under mild regularity

conditions the estimator 38* provided by solving the optimal

estimating equation g*(x,'e) = 0 minimizes, atleast
asymptotically, the mean square error E(ag - 6)2 where 33 is
the estimator provided by g(x, ©) = 0 for g € G. This
follows from the argument that gg and 68 - @ are

stochastically equivalent as n 9 o and nininizinz,Var(gs)Ais
‘same as minimizing mean squared error -of 58.‘ For details we
refer to Kale (1985) as well as Smalli & Mcleish (1988).

A further justification in terms of asyhptotically shortest
confidence inteivals - in a very general setting of
stochastic processes - is due to Godambe & Heyde (19888).
An early work in this direction is due to Wilks (1839).
A-different kind of Jjustification of Godambe’s
optimality criteria and the standardization of the
-estimating function is provided by its connection with the
Newton-Raphson process for solving the corresponding
estimating equation g(x, 8) = 0 . In many cases gg, the
estimator defined by the solution of the estimating equation,
can not berbtained'explicitly and has té be determined by an
iterative procedure. A commonly employed pfocedure is the

Newton- Raphson procedure given by

Oy = O - {&(x, 6)/ ;:% Yoo, (28)

-~

with a trial value 91 as any consistent estimator of 6. A

modification of the Newton-Raphson process suggested by
~ Fisher (1925) in the context of the likelihood equation,
leads to the well known method of scoring for parameters.

Thus the Fisher-Newton-Raphson iterative procedure is given
by | |

-17-
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g
Thus the correction term to the successive iterates is

gs(x, 6) the standardized version of g. Minimizing Var(gs)

thus corresponds to choosing the estimating function g with
smallest correction term at least on average. The
optimality of the likelihood equation now translates into
the fact that the method of scoring for parameters converges
very fast even though it is only a first order process, a

phenomenon observed by Kale (1862b).
7. MULTIPARAMETRIC CASE

Durbin (1960) considered the estimating functions for the
ve&tor valued paiameter. When the indexing parameter 9 is
vector valued say (6., 92. ...,'9m)' € 2 € R, then we
consider a vector valued estimating function. (g1(x, ©),
go(x, ©)) = &(x, 8) such that E(g) = 0 , the
variance-covariance matrix Mg = E(g .2°) exists and is positive

definite. In the single parameter case we imposed the

condition that E( g% ) # 0. Analogously in the vector valued

gituation we assume that Dg is non-singular where Dg denotes

3g.-
1
the mxm matrix with elements E('sgg .

Kale (1962a) provgd that for a vector valued g ¢ G(m)

Hg - Dg J-1 Dé is non-negative definite (30)

where J is the Fisher Information Matrix and G¢(m) is the
class of m- dimensional vector valued estimating functions

such that Hg is positive definite and Dg is non-singular.

The standardization (12)_in the present case immediately
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leads to the standardized version of £, given by Dgig = gg

and the extended Cramer-Rao inequality for a regular

standardized estimating function now is given by

Hg - J'1 is non-negative definite ' (31)
s

The above standardization was firs; proposed by Férreira
.(1982) and also independently by Chandrasekar (1883).

For the vector valued g, several different optimality

criteria can be proposed. The most common among these are:

(i) Matrix Optimality : Ngs - ng is non-negative
define.

(ii).TraCe Optimality . : Tr(Hgs) } Tr(Hgg)
(iii) Dete:ninant Optimality IHgsl 3 IHg§|

Chandrasekar and Kale (1884) proved that the three criteria
‘are equivalent in the sense that if g is optimal with
respect any one of these criteria then it is also optimal

with respect to the remaining two.

From the extended Cramer-Rao inequality (30) or (31) it
immediately follows that,in the class of all regular

unbiased estimating functions the vector score function

& log p = ¢ @ log p 2 log p y’
ET) - 98, o EEN

is optimal. The essential uniqueness of the optimal estimating

function follows from the fact that if 31 and g9 are both
optimal then the1r standardized versions g15 and g95 are

identical. In particular this implies that the likelihood

equation is an optimal estimating equation as the estimating
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equations g = 0 and ng = 0 are identj.cal. Bh&pk&l‘ (1972)

defined the concept of the efficiency of an estimating equation
corresponding to the Trace and Determinant optimality criteria
and he also introduced'the Rao- Blackwellization of an

estimatingAfunction with respect to minimal sufficient

statistics. Another jnteresting reference in this connection

is Morton (1881).
8. INVARIANCE AND NUISANCE PARAMETERS

Another 1mportant property of the estimating functlons

is the invariance -under one to one transformatlon

‘of the parameter 0. Thus if g(x,9)

is an estimating function then under any one to one
differentiable transformation ¥ = «(8) where gg is non-
singular, then g(x, « (%)) = g1(x, ¥) is an estimating
function for §.' 1f §g and ihl are the estimates obtained
from the equations g = O and &; = 0 respectively, then §g1 =

§g It is well known that this invariance property is
enjoyed by the maximum likelihood estimation but does not
hold for the unbiased minimum variance estimation. On the
other hand unlike unbiased estimation, the maximum likelihood
estimation faces difficulties when nuisance parameters are
involved i.e. when we are interested in e(1) - (81, 65, ..;,
er)' only while 6¢2) = (6.,1,...,6p)" acts as a nuisance
parameter. In fact the maximum likelihood estimatbr of only
(1), the parameter of interest, is technically undefined. A
naive approach, based on obtaining maximum likelihood
estimator of the entire'Par&meter 8 = (8(1); 8(2) ) and then
using 6(1), in general leads to anamolies as is well

known from the Néyman -Scott problem. We will now show how

the estimating functions approach alleviates the difficulties



arising in the nuisance parameter case. This will also show
that the approach based on estimating functions unifies the
maximum likelihood estimation as well as unbiased ninimun'
variance estimation by eliminating their respective
weaknesses namely the nuisance parameter case and
non-invariance under a one to one transformation of the

parameter space.

8. OPTIHALITX : NUISANCE PARAMETER CASE

Consider now an abstract random variable x with pdf
belonging to {p(x, ), 6 ¢« @} where 6 = (6(1), 0(2))’

with 8(1) = (81, ... Or)' as the parameter of interest

and 9(2? = (Opi1s ---» On)' as a nuisance parameter.

A regular estimating function for 6(1) is an r-dimensional

function g(x, 9(1)) such that E(g) =0 , Y 6 € Q and Hg =

B(gg°) is positive definite and the rxr matrix Dg=E( —fg———)
ae(l)

_is non;singular. Lét g5 = Dgl g denote the standardized
verSionvof g. Note that g5 may depend on 6¢2), the nuisance
paranetef, although the corresponding.estimatingiequations
€5=0 and g = 0 are same. An estimating function g¥(x, 9(1))
is optimal in G(O(i)), the class of all regular estimating
functions for estimating 6(1) in the presence of the nuisance
parameter 6(2? if Hgs'Hg§ is non—negative‘definite Ve eQ,
and YV g ¢ G(e(l?). As seen earlier this is equivalent to
Trace and Determinant optimality.

\ Godambe & Thompson (1974) considéred the casé r =1

and m = 2, & single parameter of interest and sa real valued

nuisance parameter and showed that in the case of N(61,65)

-21-
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the optimal estimating function for @; ignoring 6, is (X -91)
while s2 - (n-1)6, is optimal eétinating function for 6,
ignoring 6. An jnteresting reference in this conneotion is
Barnard (1873). Godambe (1876) considering the case r = 1
and m > 1 with 8 = (8;, 8(2)) ¢ @ x @ "introduced an
interesting structure for estimating 8; ignoring 8(2),

Godambe (1976) assumed that there exists a statistic T(x)
such that

p(x, ) = fg(x: 81) LKt 0,, 6(2))

‘where h is the pdf of T and fi(x, 81) iéAthe conditional pdf
of x given t which depends only on 01, the parametei of
interest. Fufther he aésumed that the class _
{h(t, 94, 9(2)), 6; fixed 6(2) ¢ 2} is complete. Under
mild regularity conditions on p, £y, h and G(6(1)) Godambe

(1876) showed that the conditional score function

9 i .
___%%E_EL is optimal estimating function for 6; ignoring .
1 ' .

o(2) Usiﬁg_this theory Godambe (1878) showed how the
Neyman-Scott problenm can'be resolved and how the optimum
estimating function for estimating the error variance
ignoring block means leads to the minimum variance unbiased
estimator which is consistent when the number of blocks
goes to infinity. Ferreira (1982) and Chandrasekar

(1883) generalized these results for r > 1 and showed that

&1
go(l)

optimal estimating function. Kale (1887a) pointed out the

analogy of Godambe’s structure with the Neyman-structure used

the conditional vector score function
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in construction of UMP tests in the presence of nuisance

parameters.

Chandrasekar & Kale (1884) proved a Cramer- Rao type

inequality namely Hg - J11 is non-negative definite v e € Q

v g e 6(6l1)), where J11 is the rxr matrix when J-1 is
partitioned correéponding to (9<1), 6(2))'. Kale (1987b)
proved the essential uniqueness of thg optimal estimating
function. Following the extension of Cramer-Rao inequality
approach Subramanyam & Naik-Nimbalkar (1889) obtained a
'generalizafion of (31) for a Hilbert space valued parameter
and proved that Aalen’s (1978) estimator of cumulative
intensity function emerges as a solution of optimal

estimating equation.

Godanbe (1876), (1980) uses the optimality of
condltlonal score function to define partial sufflclency and -
ancillarity of a statistic T(x) for 6(1) the parameter of
intérest when 6(2) acts as a nuisance parameter. Kale -
(1987&) has shown that for multiparameter exponential
family, Godambe’s approach for defining partial sufficiency
and ancillarity succeeds whereas many other approaches fail.
Recently Bhapkar (1988) has extensively studied this
problem along with the problem of defining Fisher

Information about 6(1) ignoring 9(2).

In the above set-up we assumed that the statistic T(x)
‘exists uniguelv for all values of 6(2) ¢ . Lindsay (1982)

deals with the case when T depends on 9(2).

10. EXTENSIONS

It is thus clear that the approach based on estimating
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functions unifies the method of maximum likelihood and the
method of minimum variance unbaised estimation in case of

the parametric models. It is no wonder that this theory has
been applied successfully for estimation problems in such
diverse fields from survey-sampling to time-series and _
stochastiec érdcesses as examplified by the papers of Godambe
& Thompson (1986), Thavaneswaran & Abraham (1987) and Godambe
(1985).

We have also seen how the estimating functions theory
successfully tackles the situation where the usual
Gauss-Markov or least square theory fails to give a .
reasonable solution. Now the Gauss Markov or LS approach as
said before is for semi-parﬁmetric nodels where we do not
assume the ekact form of the density p(x, 9)'but assume only

the knowledge of the first few moments. Since the form of p is
@ logp
a8

not known estimating functions based on are not

available here. However, as Halmos (1846) showed that X is
minimum variance unbiased estimator of E(x) = 6 in the class

F,of all continuous distribution functions with mean 6, Godambe

and Thompson (1978) proved that (X - 6) is optimal estimating

function within the sub-ciass Fl c Fb with location parameter
6. |

| In general a parameter of a distribution in a
semi-parametric model is a well defined functional of the
underlying population distribution function and therefore
the definition of such a parameter is closely connected with
the method of estimation of this parameter. Suppose this
‘parameter 9(3) for F € U is a parameter of interest and
e(F) is a_nuisancé parameter such that (6(F), ?(F))' is a
labelling parameter for ¥ . Godambe & Thompson (1884)



obtained an optimal estiméting function for estimating 6(F)
which in turn could also be used to define the parameter
8(F). This line of work has not been followed very

vigorously and deserves more attention.

The theory of optimum estimating functions has provided
a new and fruitful perspective on ‘quasi-likelihood’
(Wedderburm, 1974) by identifying ‘quasi-score function’
with the ‘optimal estimating function (Godambe & Heyde,
1987; Godambe & Thompson, 1988). This is also true in
connection with “partial likelihood~’ (Cox,_1975;'Godambe,
1985). | -

To indicate the varied.épplications of estimating
function theory to aressof Biostatistics, we just réfer to
Liang & Zeger'(1987) and Prentice (1888) .

It is now clear that, among researchers in different
areas of statistics there is an increasing trend to utilize
estimating function theory for statistical model building,
inference and the like. A.purpose of this ‘Overview’

is to accelarate this already existing trend.
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