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Abstract 

A new asymptotic energy expansion (AEE) method is presented for 1-D systems. The method is based on power series 
expansion of the quantum action variable J in energy and can be applied to a wide range of potentials. Contour integrals 
involved in the method are much simpler than that in WKB methods. Recurrence relations are derived for any potential with 
scaling property and general integral formulae are presented in terms of T functions. © 2001 Elsevier Science B.V. All rights 
reserved. 
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1. Introduction 

The Wentzel-Kramers-Brillouin (WKB) approxi­
mation method [1-3] is found to be one of the useful 
methods for obtaining approximate energy eigenval­
ues and eigenfunclions of the 1-D Schrodinger equa­
tion. This method was extended to obtain higher-order 
eigcnenergies initially by Dunham [4] and then by 
Bender et al. [5]. In [5], the structure of the terms of 
WKB expansions were investigated and their method 
was applied to obtain eigenvalues of the potential 
V(x) = xN (N is an even positive integer). In this 
analysis, exact quantization condition for bound state 
energies is given by 

j.j> Y^S„(z)dz = Mr (;r = 0. 1 ,2 . . . . ) . (1) 
;i=0 

where 5* are obtained by the recurrence relations 

Sn(x) = -[Q(x))w\ 

2 $ , S l + 5 > ; ^ _ y + S » " _ l = 0 
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and Q(x) = V(x) — E. The integral in (1) is a complex 
contour integral which encircles the two turning points 
on the real axis. Please refer to [5] for more details. 
Robnik and Salasnich [6] applied Benders method (3] 
to the Kepler problem and derived the WKB expan­
sion for the angular momentum. They also obtained 
exact eigenvalues for the system by summing the in­
finite WKB series. Recently. Dobrovolsky and Tutik 
[7] developed a method to regularize the higher-order 
WKB integrals for bound state problems. Accuracy of 
the WKB semiclassical quantization was studied by 
Robnik and Salasnich [8]. Very recently, Robnik and 
Romanovski [9] found an explicit functional form for 
general WKB terms and developed a systematic algo­
rithm for simplification of the integrated WKB terms. 
They also derived an almost explicit functional form 
for WKB terms for the eigenvalues for homogeneous 
power law potential V(x)=xN. 

In this Letter, we extend the WKB method and 
present a new asymptotic expansion method which 
produces new type of relationships between quantum 
number n and series of powers of energy. Important 
and unique features of this new method are summa­
rized below. 
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