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A bstract The pseudo Hermiticity with respect to the exchange operators of N-D complex Hamiltonians i s investigated. 
It is shown that if an N-D Hamiltonian is p s e u d o Hermitian and any eigenfunction of it retains ic^T symmetry then the 
corresponding eigen value is real, where ir_ is an exchange operator with respect to the permutation ct of coordinates 
and T i s t h e time reversal operator. We construct a special class of N-D pseudo Hermitian Hamiltonians with respect to 
exchange operators from both N/2-D and N-D general complex Hamiltonians. Examples are presented for Hamiltonians 
with irT symmetry (n : x y, px +> py) and the reality of these systems are investigated. 
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has been investigated' 1 9 ! recently. 

In this work, we will mainly concentrate on N-D 
Hamiltonians having 77-pseudo Hermiticity with respect 

to exchange operators. In Sec. 1, we show tha t if an N-D 
Hamiltonian is ixa-pseudo Hermitian and any eigenfunc­

tion of it retains iraT symmetry then the corresponding 

eigen value is real, where ira is an exchange operator with 

respect to a permutat ion a and T is the t ime reversal 

operator. In Sec. 2, we construct 2-D pseudo-Hermitian 

Hamiltonians from general 1-D complex Hamiltonians in­

cluding non-pseudo-Hermitian Hamiltonians and obtain 

detailed information on their eigenvalues and eigenvectors. 

In Sec. 3, we construct N-D pseudo Hermitian Hamilto­

nians from both N-D and N/2-D general complex Hamil­

tonians. 

In Sec. 4, we s tudy three Hamiltonian systems. The 

first system is a seperable 2-D 7r-pseudo-Hermitian non-

PT symmetric system having entire energy spectrum real 

and positive. The second system is a 2-D non-seperable 

7r-pseudo Hermitian non-PT symmetric system. We inves­

tigate reality of this system. The thrid system is an ex­

ample of a 2-D non-pseudo-Hermitian Hamiltonian having 

infinitely many real eigenvalues and infinitely many com­

plex eigenvalues which do not come as conjugate pairs. 

2 M u l t i - d i m e n s i o n a l H a m i l t o n i a n s a n d E x c h a n g e O p e r a t o r s 
First we consider an N-D complex Hamiltonian 

N 2 

H(xi,x2,x3,... ,xN,p1,p2,p3, . • • , p N ) = Y1^ + V(xi'x2>xs>- • >x")> C1) 
fc=l 

where potential V(xi,x2,X3,..'. ,xN) is complex. We define an operator ira as 

1taF{x\,X2,X3, . . . ,XN,pi,p2,P3, •• - ,Pn) = F(xa(l), xa(2), xct{3)> • • • . xa(N), Pa(l) ,Pa{2) . P a ( 3 ) . • • • ,P<x(n)) 1 

1 I n t r o d u c t i o n 
There have been growing interest in non-Hermitian 

Hamiltonians with real s p e c t r a ' 1 - 1 1 ' during past several 
years. Until recently, studies of non-Hermitian complex 
Hamiltonians were dominated by those having PT sym­
metry. Some of the examples of 1-D PT symmetric sys­
tems were found to be either exactly solvable or partially 
exactly solvable. T h e examples of PT symmetric Hamil­
tonians in Refs. [1] ~ [11] are 1-D and it was shown tha t 
either the eigenvalues of these Hamiltonians are real or 
they come in complex conjugate pairs. The exactness of 
the PT symmetry ensures the reality of the energy spec­
trum. When the PT symmetry is spontaneously broken 
(i.e., when the Hamiltonian H retains PT symmetry bu t 
wave functions lose the PT symmetry) , eigenvalues be­
come complex. 

Recently, M o s t a f a z a d e h ' 1 2 - 1 4 ! has generalized PT-
symmetry by pseudo-Hermiticity and showed tha t eigen­
values of pseudo-Hermitian Hamiltonians are either real 
or they come in complex conjugate pairs. A Hamiltonian 
H is said to be JJ - pseudo- Hermit ian if if* = nHr)~l where 
t denotes their adjoint operator and 77 is a Hermitian in-
vertible linear operator . There have been several recent 
investigations on 1-D rj-pseudo-Hermitian systems with 
P T - s y m m e t r y J 1 5 - 1 8 ] In addition, 2-D 77-pseudo-Hermitian 
Hamiltonian of the type 

H = \(PI +PD + \^lx2 + S V ) - i 9 x N v M 
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